We introduce the notion of Hom-co-represention and low-dimensional chain complex. We study universal central extensions of Hom-preLie algebras and generlize some classical results. As the same time, we introduce α-central extensions, universal α-central extensions and α-perfect Hom-preLie algebras. We construct universal (α)-central extensions of Hom-preLie algebras.
Introduction
A Hom-preLie algebra, as a kind of Hom-Lie admissible algebra, was introduced by Makhlouf-Silvestrov [11] . Specifically, for a vector space L over a field K equipped with a bilinear map µ : L × L → L and a linear map α : L → L, we say that the triple (L, µ, α) is a Hom-preLie algebra if α(x)(yz) − (xy)α(z) = α(y)(xz) − (yx)α(z), for all x, y, z ∈ L. If the elements of L also satisfy the following equation (xy)α(z) = (xz)α(y).
Then we call (L, µ, α) is a Hom-Novikov algebra. Clearly, a Hom-Novikov algebra is a Hom-preLie algebra. Moreover, Hom-preLie algebras generalizes the notation of pre-Lie algebras (α = Id L ), which has been extensively studied in the construction and classification of Hom-Novikov algebras [12] .
In recent year, the universal central extension of a perfect Leibniz algebra was studied in several articles [1] [2] [3] [4] [8] [9] [10] . In [5] [6] [7] , authors study universal (α)-central extension. The purpose of this paper is to study universal α-central extensions of Hom-preLie algebras by the way of [5] The organization of this paper is as follows: after this introduction, in Section 2 we recall the background material on Hom-preLie algebras. In section 3, we define Homco-representations and low-dimensional chain complex, which derive a low-dimensional homology K-vector space of a Hom-preLie algebra. In section 4, we extend classical results and present a counterexample showing that the composition of two central extensions is not a central extensionon. The fact lead us to define α-central extensions. Moreover, We construct a right exact covariant functor uce of a Hom-preLie algebra which acts on a perfect Hom-preLie algebra L, obtain the universal central extension of the perfect HompreLie algebra uce
. And the kernel of the univeral central extension is exactly the second homology with trivial coefficients of the Hom-preLie algebra. We also introduce the notion of α-perfect Hom-preLie algebra and then construct the universal α-central extension of α-perfect Hom-preLie algebra.
Preliminaries on Hom-preLie algebras
Throughout this paper K denotes an arbitrary field.
Definition 2.1. A homomorphism of Hom-preLie algebras
for all x, y ∈ L.
The Hom-preLie algebras
where µ H and α H for H are the restrictions of µ L and α L .
A Hom-preLie subalgebra (H, α H ) of (L, α L ) is said to be a Hom-ideal if xy, yx ∈ H for all x ∈ H, y ∈ L.
naturally inherits a structure of Hom-preLie algebra, where α L : L/H → L/H is a linear map, which is said to be the quotient Hom-preLie algebra.
3 Homology of Hom-preLie algebra
for all x, y ∈ L and m, m ′ ∈ M.
Example 3.2. Every Hom-preLie algebra (L, α L ) has a Hom-co-representation structure on itself given by the actions
where x ∈ L and m is an element of the underlying K-vector space to L.
Let (L, α L ) be a Hom-preLie algebra and
Proposition 3.3. With the above notations, we have
Hence, we prove this proposition. 
Now we are going to compute low dimensional homologies. So, for n = 1, a direct checking shows that HL
where
If M is a trivial Hom-co-representation and n = 2, that is, m l = l m = 0, then
.
be a Hom-preLie algebra, which is considered as a Homco-representation of itself as in Example 3.2 and K as a trivial Hom-co-representation of
Proof. Let −Id be a minus identity transformation. 
Remark 4.4. Obviously, every universal α-central extension is a universal central extension. Note that in the case α M = Id M , both notions coincide.
where LL denotes the linear span of the elements xy, with x, y ∈ L.
is a perfect Hom-preLie algebra as well.
Proof. Since (K, α K ) is a perfect Hom-preLie algebra and π is a surjective homomorphism, we have
The proof is completed.
be an α-central extension and (K, α K ) a perfect Hom-preLie algebra. If there exists a homomorphism of Hom-preLie
Proof. Let us assume that there exist two homomorphisms f 1 and f 2 such that
Since (K, α K ) is perfect, f 1 coincides with f 2 over K.
Proof. Let us assume that (K, α K ) is not a perfect Hom-preLie algebra, then KK K. Consider I the smallest Hom-ideal generated by KK, then (K/I, α), where α is the induced homomorphism, is an abelian Hom-preLie algebra, consequently, is a trivial Hom-co-representation of (L, α L ). Let us consider the central extension 0 Let (K, α K ) be the three-dimensional Hom-preLie algebra with the basis a 1 , a 2 , a 3 , multiplication given by a 2 a 2 = a 1 , a 3 a 2 = a 3 , a 3 a 3 = a 2 (and all other products 0) and the endomorphism α K = 0. Obviously (K, α K ) is a perfect Hom-preLie algebra since
, is a central extension since π is trivially surjective and is a homomorphism of Hom-preLie algebras:
Obviously, 0 • π = π • 0 and Ker(π) = a 1 , hence Ker(π) ⊆ Z(K). Now consider the four-dimensional Hom-preLie algebra (F, α F ) with the basis e 1 , e 2 , e 3 , e 4 , the multiplication given by e 2 e 3 = e 1 , e 3 e 3 = e 2 , e 4 e 3 = e 4 , e 4 e 4 = e 3 (and all other products 0) and the endomorphism α F = 0.
The linear map ρ : (F, 0) → (K, 0) given by ρ(e 1 ) = 0, ρ(e 2 ) = a 1 , ρ(e 3 ) = a 2 , ρ(e 4 ) = a 3 , is a central extension since ρ is trivially surjective and is a homomorphism of Hom-preLie algebras:
ρ(e 2 e 3 ) = ρ(e 1 ) = 0; ρ(e 2 )ρ(e 3 ) = a 1 a 2 = 0, ρ(e 2 e 4 ) = ρ(0) = 0;
ρ(e 2 )ρ(e 4 ) = a 1 a 3 = 0, ρ(e 3 e 2 ) = ρ(0) = 0; ρ(e 3 )ρ(e 2 ) = a 2 a 1 = 0, ρ(e 3 e 3 ) = ρ(e 2 ) = a 1 ; ρ(e 3 )ρ(e 3 ) = a 2 a 2 = a 1 , ρ(e 3 e 4 ) = ρ(0) = 0; ρ(e 3 )ρ(e 4 ) = a 2 a 3 = 0, ρ(a 4 e 3 ) = ρ(e 4 ) = a 3 ; ρ(e 4 )ρ(e 3 ) = a 3 a 2 = a 3 , ρ(e 4 e 4 ) = ρ(e 3 ) = a 2 ; ρ(a 4 )ρ(a 4 ) = a 3 a 3 = a 2 .
Obviously, 0 • ρ = ρ • 0 and Ker(ρ) = e 1 and Z(F ) = e 1 , hence Ker(ρ) ⊆ Z(F ).
Consequently, π • ρ : (F, 0) → (L, 0) is a surjective homomorphism, but is not a central extension, since Z(F ) = e 1 and Ker(π • ρ) = e 1 , e 2 , i.e., Ker(π • ρ) Z(F ).
Proof. We must prove that α P (P )F = F α P (P ) = 0.
Since (K, α K ) is a perfect Hom-preLie algebra, every element f ∈ F can be written as f =
In a similar way we can check that f α P (p) = 0.
We now consider the second statement. If 0
is an α-central extension, then there exists a unique homomorphism of Hom-Lie algebras
is a perfect Hom-preLie algebra and every central extension of (K, α K ) is split.
is a perfect Hom-preLie algebra and every central extension of
d) The kernel of the universal central extension is canonically isomorphic to HL α 2 (L). 
, which is central. Since every central extension of (K, α K ) is split, there exists a homomorphism σ : (K, α K ) → (P, α P ) such that τ • σ = Id. Then τ • σ By the pull-back construction, there exists a homomorphism π : (P, α P ) → (A, α A ) such that the following diagram is commuting
Hence, the following commutative diagram hold: As K-vector spaces, let I L be the subspace of L ⊗ L spanned by the elements of the form
One can see from the above discussion, the following identity holds:
}, is a Hom-preLie algebra with respect to the bracket {x 1 , x 2 }{y 1 ,
is a homomorphism of Hom-preLie algebras. Actually, Imu L = LL, and (L, α L ) is a perfect Hom-preLie algebra, so u L is a surjective homomorphism.
From the construction, it follows that Ker(u L ) = HL α 2 (L), so we have the extension α) is a perfect Hom-preLie algebra, so by Lemma 4.7, ϕ is unique. 
Remark 4.14. Obviously, every α-universal α-central extension is an α-central extension which is universal in the sense of Definition 4.13. In case α M = Id both notions coincide with the definition of universal central extension.
is an α-central extension which is universal in the sense of Definition 4.13.
In order to obtain the universality, for any central extension 0
Then the homomorphismπ • ϕ satisfies that τ •π • ϕ = π • ρ and it is unique by Lemma 4.7.
b) The fact that (F, α F ) is perfect implies that (K, α K ) is perfect by Lemma 4.6. In order to prove the universality of the central extension 0
The α-universality of 0 → (P,
Since (F, α F ) is a perfect Hom-preLie algebra and Im(σ • ω) ⊆ Im(ρ) + Ker(π), we have σ • ω = ρ. Lemma 4.7 end the proof. 
is an α-perfect Hom-preLie algebra, then it is perfect. Nevertheless the converse is not true in general. For example, the three-dimensional Hom-preLie algebra (L, α L ) with the basis a 1 , a 2 , a 3 , the multiplication given by a 1 a 2 = −a 2 a 1 =  a 3 , a 1 a 3 = −a 3 a 1 = a 2 , a 2 a 3 = −a 3 a 2 = a 1 and the endomorphism α L = 0 is perfect, but it is not α-perfect.
e., α L is surjective. Nevertheless the converse is not true. For instance, the two-dimensional Hom-preLie algebra with the basis {a 1 , a 2 }, the multiplication given by a 1 a 1 = a 1 , a 1 a 2 = a 2 a 1 = a 2 a 2 = 0 and the endomorphism α L represented by the matrix 1 0 
Proof. The proof is similar to Lemma 4.7. 
Observe that every summand of the form
is endowed with a structure of Hom-preLie algebra with respect to the multiplication
In a similar way it is verified that uce α (L)Ker(U α ) = 0.
Finally, this central extension is universal α-central. Indeed, consider an α-central
, where π(k i ) = x i , x i ∈ L, k i ∈ K, i = 1, 2. Now we are going to check that Φ is a homomorphism of Hom-preLie algebras such that π • Φ = U α . Indeed: 1) Φ is well defined: if π(k i ) = x i = π(k
2) Φ keeps multiplication:
where π(k i ) = x i , π(l i ) = y i , i = 1, 2.
3) α K • Φ = Φ • α:
To end the proof, we must verify the uniqueness of Φ. First at all, we check that uce α (L) is α-perfect. Indeed,
i.e., α(uce α (L))α(uce α (L)) ⊆ uce α (L).
For the converse inclusion, by α L (x i ) ∈ L = α L (L)α L (L), we have that:
Now Lemma 4.18 ends the proof.
